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A Stochastic Theory of Fatigue Crack Propagation

Y. K. Lin*
Florida Atlantic University, BocaRaton, Florida

and
J.N. Yangt

The George Washington University, Washington, D. C.

A new mathematical theory is proposed to analyze the propagation of fatigue crack based on the concepts of
fracture mechanics and random processes. The time-dependent crack size is approximated by a Markov process.
Analytical expressions are obtained for the probability distribution of crack size at any given time and the
probability distribution of the random time at which a given crack size is reached, conditional on the knowledge
of the initial crack size. Examples are given to illustrate the application of the theory, and the results are com-
pared with available experimental data.

Introduction

FROM a fracture mechanics point of view, the fatigue
damage of a structural component subjected to dynamic

loads can be measured by the size of the dominant crack, and
failure occurs when this crack reaches a critical magnitude. A
number of mathematical functions have been proposed for
the fatigue crack propagation rate. These functions have the
general form of (see, for example, Refs. 1 and 2):

da-==Q(K,&K,s,a,R)dt (1)

where a(t) is the crack size at time /, Q a non-negative func-
tion, K the stress intensity factor, &K the stress intensity
range, 5 the stress amplitude, and R the stress ratio. However,
even in a well controlled laboratory environment, results
obtained from crack growth experiments under either a
constant-amplitude cyclic loading or a given spectrum loading
usually exhibit considerable statistical variability. Therefore,
statistical analyses are quite appropriate for such problems
(e.g., Refs. 3-21).

If we restrict our attention to a laboratory setting so that
the loading time variation is deterministic, then a
mathematical model of the form of Eq. (1) can be "ran-
domized" as follows:

da
-==Q(K,AK,s,a,R)X(t)dt ~ (2)

where the added factor X(t) is a non-negative random process.
It is of interest to note that Virkler et al.13'14 have undertaken
simulation studies of crack propagation which amounted to
assuming X(t) in Eq. (2) to be totally independent at any two
different times. At the other extreme, Yang et al.19"21 has used
a random variable instead of a random process X(f) in Eq. (2),
which is equivalent to assuming a totally correlated X(t) at all
times. It was pointed out in Ref. 20 that a totally independent
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X(t) would lead to the smallest statistical dispersion and a
totally correlated X(t) to the greatest statistical dispersion for
crack propagation. Actual experimental data suggest that a
more realistic modeling of fatigue crack growth should lie
somewhere between the two extremes.

The physical meaning of the added random factor X(f) is
clear. It represents the combined effect of unknown con-
tributions toward changing the crack propagation rate with
time. Within the general class of Eq. (2) the simplest
mathematical model is a totally independent X(t) at any two
different times. In this case the crack size a(t) becomes a
continuously parametered Markov process. However, this is
unconservative because the extent of statistical scatter would
be underestimated.

Let us suppose that Eq. (2) is a good representation of the
crack propagation mechanism, and the unknown a(f) is now
treated as a random process. The difference between this
random a(t) and the one obtained from the deterministic
equation, Eq. (1), to be called the random deviation in a(t), is
smoother than X(f) which is the cause for the deviation.
Statistically, a(t) is said to have a longer correlation time than
X(t). If a(t) is observed at time intervals greater than the
correlation time of X(t), the observed behavior will be ap-
proximately Markovian. The above reasoning suggests that a
mathematical procedure, called stochastic averaging,23 may
be applicable in the present case. The implication of the
stochastic averaging procedure is to lump the effect of past
correlation of the "excitation" X(f) and place it at the present
when obtaining a governing equation for a Markov process
which is an approximation for the physical a(f) process. This
idea has been used in a previous paper24 to investigate the
random duration of time required to reach any given crack
size. A recursive relationship has been obtained for the
statistical moments of this random time, and a specific
example given for the case where crack propagation obeys a
power law. The present paper will follow the same general
approach but attention will be focused on the probability
distribution of the random crack size at any given time in-
stant, as well as the probability distribution of the random
time to reach any given crack size referred to above.

It is interesting to note that modeling the crack size as a
Markov process but discretely valued and discretely
parametered, namely, a Markov chain, has been proposed by
Bogdanoff17 and Kozin and Bogdanoff.18 In these references,
the discretized time parameter is the number of duty cycles,
and the increments of the crack size in two different duty
cycles are assumed to be independent. There is a conceptual
similarity between the Bogdanoff-Kozin approach and the
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approach presented herein; that is, the crack size process is
treated as being approximately Markovian if it is observed at
far enough time intervals. However, our model is fracture
mechanics-based whereas the Bogdanoff-Kozin model is not.
Furthermore, the application of the Bogdanoff-Kozin model
requires the estimation of a large Markov transition matrix
which appears to be more difficult and requires a much larger
data base for crack size vs cycles. When experimental results
are not plentiful, estimating just a few fracture mechanics
parameters and the statistical properties, as in the present
approach, should be much simpler. Another advantage in this
approach is the relatively small amount of computation that is
required in its application. The extension of the theory to
include the more general case where the stress time variation is
also random will be discussed in a future paper.

Model for X(t)
We shall model X(t) as a random pulse train (see, e.g., Ref.

25);
N ( t )

X(t) = (3)

where N(t) is a homogeneous Poisson counting process,
denoting the total number of pulses that arrive within the time
interval ( — oo,/), rk the arrival time of the Ath pulse, Zk the
random amplitude of the kth pulse, and

(4)= 0, otherwise

We further assume that Zk for different k are independent,
identically distributed random variables, with a common
probability distribution as Z.

The statistical properties of X(t) can be described by its
cumulant (or semi-invariant) functions. The rath cumulant
function is given by25:

= E[Zn- ]XJ
min( /y , . ..,/,„)

(5)

in which E[ ] denotes an ensemble average, X the average
arrival rate of the Poisson process, and min ( ) indicates the
smallest of the parenthesized quantities. In particular, the
first cumulant is the mean function, and the second cumulant
is the covariance function. These are found to be:

fji = E[X(t)]=E[Z]\(t w(t-r)d
J -oo

= E[Z]\[ w(u)du =
Jo

(6)

and

Cov[X(tl),X(t2)]=E[Z2]\\'1 w( / / -
J -oo

i oo

w ( w ) w (

= 2/3(1- \t2-ti\/A), \t2-tj\<A

= 0, \t2-tt\ >A (7)

in which 0=!/2E[Z2]XA.

Approximation of a(t) by a Markov Random Process
We now rewrite Eq. (2) as follows:

da
(8)

where the dependence of Q on K, AAT, 5, and R has been
suppressed for simplicity. Clearly, Y(t) is a random process
with zero mean and the correlation function of Y(t) is the
same as the covariance function of X(t)\ namely,

RYY(T)=E[Y(t)Y(t+T)]=2$(l- I r l / A ) , l r l < A

= 0, otherwise (9)

A sketch of this correlation function is shown in Fig. 1. If the
correlation time of Y(t) is short compared with the charac-
teristic time of a(t), then a(f) is close to a diffusive Markov
process23 which is governed by an Ito's stochastic differential
equation (see, e.g., Ref. 26)

(10)

where m is called the drift coefficient, a the diffusion coef-
ficient, and B(t) a unit Brownian motion process (also called
the Wiener's process), which has the property that dB(tj) and
dB(t2) are independent for tj ^ t2 .

The correlation time of Y(t) may be defined as follows:

\RYY(T)\dT (11)

Substitution of Eq. (9) into Eq. (1 1) results in rcor = A/3.
Strictly speaking, the a(t) process in Eq. (10) is an ap-

proximation of that in Eq. (8), and they could be represented
more clearly by two different symbols; however, the same
symbol will be used in this paper for both processes as long as
no confusion will result.

When the Markov approximation is justified, Stratono-
vich's stochastic averaging method provides the required
formulas to compute the drift and diffusion coefficients from
the original physical equation. In the case of Eq. (8)

Q~E[Y(t)Y(t+r)]dtoa

S o

— '0

02)
(13)

(T)

Fig. 1 Autocorrelation function of random process Y(t).
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where r0>A. These equations imply that Q and dQ/da vary
slowly within the integration interval to justify their being
taken outside the integrals. Thus, the integrals account
basically for the contribution toward the drift and diffusion
due to the correlation between the past and present "ex-
citations." This contribution is lumped at the present, when m
and a are used in Eq. (10). The replacement of Eq. (8) by Eq.
(10) amounts to substituting Y(t) by a white noise.
Theoretically, the substitution introduces an error associated
with the probability for da to become negative. This error is
negligible as long as the tendency for drift (mean crack growth
rate) dominates the tendency for diffusion (variation around
mean crack growth rate), which is usually the case as seen in
the examples presented herein. Stratonovich's formulas are
applicable to other types of correlation functions for Y(t) as
long as Q and dQ/da vary slowly within an interval of r where
such a correlation is not negligibly small. In this case, the
lower limit of integration can even be extended to -oo.
Stratonovich's method originally was proposed on a physical
ground, but later proved rigorously by Khasminski27 and
given a rigorous mathematical interpretation.

The transition probability density qa(a,t\a0,t0) of the
Markov process a(t) is a conditional probability density which
describes the distribution of a(t) under the condition that the
crack size is a(t0) = a0 at an earlier time t0. It is governed by
the following Fokker-Planck equation (see, for example, Ref.
25):

or by the adjoint of Eq. (14):

subject to the condition,

qa(a,t0\a0,t0) = d(a-a0)

«»
06)

In Eq. (14) Q is treated as a function of "0," whereas in Eq.
(15) it is treated as a function of a0. These equations are also
known as Kolmogorov's forward and backward equations,
respectively.

Thus, considerable simplification can be achieved if we select
z(a) such that

dO
' - +z"Q =

Equation (19) is satisfied by

z' Q = const

Letting this constant be equal to one,

dv
°o Q(v)

Substituting Eq. (21) into Eq. (18), we obtain

dq dq d2q
dt dz dz2

subject to the initial condition

q(z,t0\0,t0)=d(z)

(19)

(20)

(21)

(22)

(23)

It is interesting to note that if we had introduced a random
process at the onset,

r*(
Z(t) = \a

and transformed Eq. (8) into

a(t)

Q(v) (24)

(25)

then we would have arrived at Eq. (22) much more simply,
since an application of stochastic averaging to Eq. (25) would
show readily that ju and V2/3A were the drift and diffusion
coefficients for the Markov approximation of the Z(t)
process, and that the associated Fokker-Planck equation was
Eq. (22). However, the backward equation corresponding to
Eq. (22), namely,

dq dq tfq (26)

Probability Distribution of Crack Size at a Given Time
We wish to solve Eq. (14) with the least restriction on the

form of the Q function, except that it must be non-negative.
We shall investigate the possibility of simplifying this
equation by changing the independent variable a to z = z(a),
and the dependent variable qa(a,t\a0,t0) to q(ztt\z0,t0). For
q(z, 11 ZQ> t0) to be a valid probability density,

qa(a,t\a0,t0) = z'q(z,t\z0,to) (17)

where z' =dz/da. We shall choose the functional form z = z(a)
such that z' is positive. By a straightforward substitution, Eq.
(14) is changed to

z ~

(18)

does not have a physical meaning, and, in fact, is not trans-
formable from the backward equation for the a(t) process,
Eq. (15). In view of this subtle point, and the need for Eq. (15)
for future developments, the lengthier derivation of Eq. (22)
is retained herein.

The solution of Eq. (22) that satisfies the initial condition
(23) is given by

q(z,t\0,t0) =
°

} (27)

Correspondingly, the solution of Eq. (14) is

1
qa(a)t\a0ft0) = ^==

'-[!'LJa0
(28)

It should be noted that Eq. (28) describes the probability
structure of a diffusive Markov process which is an ap-
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proximation to the physical crack size process a(t). In fact,
Eq. (28) must also admit those a values which are~smaller than
a0\ otherwise, the total probability would not be equal to
unity. The error which arises from restricting a >a0 is greatest
when t is near t0, and decreases as t — t0 increases. Since we
are interested only in reasonably long fatigue lives, the error
should be negligible. This error, however, can be com-
pensated by renormalizing the total probability at any instant
of time, namely, by changing Eq. (28) to

-t

xexp

where

dv

D(t-t0) =
1 + er f [ f -t0 ]

(29)

(30)

and erf(-) = the error function. When drift dominates the
diffusion,

-to) (31)

and D(t — t0)« 1, in agreement with our previous remark.
We propose that Eq. (29) be used to estimate the probability

distribution of the crack size at time t. Although Eq. (29) does
not satisfy Eq. (14) exactly, it will be shown in our illustrative
examples that this approximation compares quite well with
experimental data.

The probability distribution function of the crack size a(t)
at time t is given by

p a
Fa(n (a,t\a0,t0) = P [ a ( t ) <a\a0,t0] = qa(x,t\a0,t0)dx

J QQ -

(32)

and the probability that the crack size exceeds a given value a
is the complement of Fa(n (a,t\a0,t0), i.e.,

Ft(t) (a,t\a0,t0) = P [ a ( t ) >a\a0,t0]

= l-Fa(n(a,t\a0,t0) = \ qa(x,t\a0,t0)dx (33)

The graph of Fl(t)(a,t\a0,t0) is often referred to as the crack
exceedance curve.

Let T(aj) be the random time when the crack size a(t)
reaches a specific value a/. Since the event { T(aj)<T} is the
same as the event (a(t0 + r) > # / ) , the probability distribution
function FT(a]) (T) of T(at) is given by

S oo

al "

(34)

which is the same as the probability of crack exceedance but
treated as a function of r.

Correlation with Experimental Test Results
Three examples are given to illustrate the application of the

present theory: two are chosen in the small crack size range
and one in the large crack size range. It is known that these
two ranges are quite different and the statistical variability in
the small crack size range is much greater than that in the
large crack size range.

Crack Propagation in Fastener Holes
Fractographic data of 7475-T7351 aluminum fastener hole

specimens subjected to a bomber load spectrum are available
in Ref. 22. Figure 2 shows the crack propagation time
histories for two data sets, referred to as the WPB and XWPB
data sets, respectively/The letters W, P, and B indicate that
the specimens were drilled with a Winslow Spacematric
machine (W), using a proper drilling technique (P), and
subjected to a given B-l bomber load spectrum (B). The
additional symbol X associated with the XWPB data set has
the meaning that the fasteners are configured to transfer 15%
load, whereas the WPB fasteners transfer no load. The fracto-
graphic data have been censored to include only those corner
cracks propagating from 0.004 to 0.04 in. for the WPB data
set and from 0.004 to 0.07 in. for the XWPB data set. This
censoring procedure is necessary in order to normalize the
data to zero life at 0.004 in., thus obtaining homogeneous
data sets as shown in Fig. 2. The resulting WPB and XWPB
data sets consist of 16 and 22 specimens, respectively.

Within the small crack size range, the power law for the
crack growth rate is shown to be valid8"12; namely, Q=Q*ab

or

(35)

where Q* and b are constants.
Taking logarithms on both sides of Eq. (35), one obtains

da
log-= =at (36)

Test results of log [da(t)/dt] vs log a(f) are plotted in Fig. 3 as
dots for the two data sets. Since X(t) is assumed to be a
stationary random process, the mean value and standard
deviation of \ogX(t) are constants.

To estimate the fracture mechanics parameters b and Q*
from the test results of the crack growth rate in Fig. 3, a linear
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a) WPB data set.
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b) XWPB data set.
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Fig. 2 Actual crack propagation time histories for fastener hole
specimens.
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regression analysis was carried out for log[d#/d/] on loga.
This implies that the distribution of \ogX(t) is normal with
zero mean, and the linear regression also results in the
standard deviation, alog^(/). The results for the WPB data set
are

6 = 0.9297, e* = 1.1051xlO-4 , crlogW) =0.087635 (37)

where the units of a and t are inches and flight hours,
respectively.

The mean value, \LX, and the standard deviation, ox, of
X(t) are obtained from a\QgX(t) using the normal-to-lognormal
conversion formulas,

(38)

(39)

(40)

Application of Eqs. (38) and (39) yields

At =1.0206, 0 = 0.02 1643

For a special case in which the crack propagation rate
follows a power law as shown in Eq. (35), i.e., Q = Q*ab, the
integral \Q~!&v appearing in Eq. (29) can be carried out
explicitly. The result is given in the following.

D(t-t0)qa(a,t\ a0, t0 ) = ._- — —— —— - —— -
* b

- f Q ) , f o r

D(t-tQ)

for b = l

(41)
in which c = 6— 1.

With the values of 6, Q*, pt, and 0 estimated above, the
probability of crack exceedance, F%(t)(a,t\a0,t0), can be
computed using Eqs. (41) and (33) fof different values of A.
The results at / = 8000 flight hours are plotted in Fig. 4 as the
solid curve for A = 8000. It has been found24 that this A value
leads to the best agreement in statistical dispersion between
the theoretical and experimental results for both the WPB and
XWPB cases. The fractions of crack exceedance at 8000 flight
hours obtained directly from the test data of 16 specimens,
Fig. 2a, are also displayed in Fig. 4 as circles for comparison.

The probability distribution function of the random time to
reach a given crack size #/ can be computed from Eq. (34).
The result for the WPB case is plotted in Fig. 5 as solid curves
for a i =0.254, 0.508, and 1 .016 mm (0.01 , 0.02, and 0.04 in.),
respectively. Also shown in Fig. 5 as circles are the
corresponding test data points obtained from Fig. 2a.

It is observed from Figs. 4 and 5 that the test data correlate
very well with the present statistical fatigue crack propagation
model.

The same procedure outlined above was applied also to the
XWPB data set. The linear regression analysis shown in Fig.
3b resulted in

6-0.983, = 2.4414xlO-

°\ogx(n = 0. 12896, M - 1 .045 1 , 0 = 0.0503 (42)

The crack exceedance probabilities at 6000 flight hours are
plotted in Fig. 6 as the solid curve based on Eq. (33) and for
A = 8000. Also shown in Fig. 6 as circles are the corresponding

o

-4

-5

-6

-7

a) WPB data set.
_L————————I————————

-3 -2

LOG a

-i

CO _

3 -7

-8

b) XWPB data set.

-2 "I

LOG a
Fig. 3 Crack growth rate as a function of crack size.
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Fig. 4 Probability of crack exceedance at 8000 flight hours, WPB
fastener holes.

test data points obtained from Fig. 2b. The probability
distribution functions of the random times to reach crack
sizes a, -0.203, 0.635, and 1.778 mm (0.008, 0.025, and 0.07
in.) were computed from Eq. (34). The results are shown in
Fig. 7 as solid curves. Also displayed in Fig. 7 as circles are the
corresponding test results obtained from Fig. 2b. Again, Figs.
6 and 7 demonstrate excellent theoretical and experimental
correlations.

Crack Propagation of Center-Cracked Specimens
Crack propagation experimental results of 64 center-

cracked specimens, made of 2024-T3 aluminum, and sub-
jected to a constant-amplitude cyclic loading, were reported in
Refs. 13 and 14. The time histories of half crack lengths a(n),
plotted against the number of cycles n, are shown in Fig. 8.
The initial half crack length of each specimen was 9 mm and
the tests were terminated when each half crack length reached
49.8 mm. The maximum cyclic load was 23.35 kN (5.2 kips)
and the stress ratio was 0.2. Data for the crack growth rate
da/dn vs the stress intensity range AAT were obtained from the
test results using the method of seven-point polynomial. The
results were shown as dots in Refs. 13 and 14.
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Fig. 5 Probability distribution functions of random times to reach
crack sizes 0.01, 0.02, and 0.04 in.; WPB fastener holes.
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Fig. 6 Probability of crack exceedance at 6000 flight hours, XWPB
data set.
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Fig. 7 Probability distribution functions of random times to reach
crack sizes 0.008, 0.025, and 0.07 in.; XWPB fastener holes.

The log crack growth rate data is not linearly related to the
log stress intensity range, AK. As a result, the following
synergistic sine hyperbolic functional form is suggested for
crack growth rate,20-21

da(n)
dn (43)

in which a(n) is the half crack length, A/f the stress intensity
range, and C/, C2, C3, and C4 are parameters. The ran-
domized form for Eq. (43) is given by

da(n)
dn

Taking logarithms on both sides, we obtain

da(n)
'log- dn

= C/sinh [ C2 )]+C4

(44)

(45)
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Fig. 8 Crack propagation time histories 01 some center-cracked
specimens (after Refs. 13 and 14).

1.0
UJ
O 0.9

Q 0.8

0.6

g 0.5

O 0-4

t 0.3

< 0.2
m
g 0.1
Q.

0.0

n = 150,000
CYCLES

STATISTICAL
MODEL

oTEST
RESULTS

1.2 14 16 18 20 22 24 26 28
CRACK SIZE, MM

Fig. 9 Probability of crack exceedance at 150,000 cycles; center-
cracked specimens.

where

Z(n)=\ogX(n) (46)

The stress intensity range, AAT, for the center-cracked
specimens is given by

(47)

in which AP is the load range (4.16 kips), B the thickness of
the specimen (0.1 in.), and W the width of the specimen (6.0
in.).

Since X(n) is a stationary random process, the mean value
and standard deviation are constants. Again, Z(n) = \ogX(n) is
assumed to be normally distributed with zero mean and a
standard deviation az(n). From the crack growth rate data
given in Refs. 13 and 14, the parameters ClyC2,C3tC4 and the
standard deviation oz(n) can be estimated using Eq. (45) and
the method of maximum likelihood. The results are

C7=0.5, C2 = 3.4477, C3=-1.3902

C4=- 4.5348, az(n) = 0.082345 (48)
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Fig. 10 Probability distribution function of random time to reach
crack size 21 mm; center-cracked specimens.
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Fig. 11 Probability distribution function of random time to reach
crack size 49.8 mm; center-cracked specimens.

Substitution of oz(n} into Eqs. (38) and (39) leads to

fj,= 1.0181, 0 = 0.018972 (49)

The crack exceedance curve and the distribution of the
random number of load cycles to reach a given crack length
can be computed using Eqs. (29) and (33) for different values
of A. The crack exceedance curve at 150,000 load cycles is
shown in Fig. 9 as the solid curve corresponding to
A = 30,000. Also plotted in Fig. 9 as circles, for the purpose of
comparison, are the experimental data points obtained from
Fig. 8. The distribution functions for the random number of
load cycles to reach half crack lengths 21 and 49.8 mm are
displayed as solid curves in Fig. 10 and 11, respectively, also
for A = 30,000. The corresponding experimental test results
are shown in these figures as circles. It is seen from Figs. 9-11
that the correlation between the theoretical and test results is
also very reasonable.

Concluding Remarks
A stochastic model is proposed to analyze the uncertainty in

fatigue crack propagation by introducing a random process
factor to the crack propagation rate in consistence with the
concept of fracture mechanics. Analytical solutions have been
obtained for the probability distribution of the crack size at
any given time instant and the probability distribution of the

random time at which a given crack size is reached. The key to
success is the approximation of the random crack size by a
Markov process. While this approximation introduces an
error associated with the crack propagation rate, the error is
negligible if the tendency for drift dominates the tendency for
diffusion, which is the case for practical applications except
for extremely short fatigue lives. The application of the theory
requires the estimation of only a few fracture mechanics
parameters from the crack growth rate data, which is
desirable in view of the limited experimental data base at the
present time. It is shown in three physical examples that the
theoretical results correlate very well with experimental data
points in both the small crack size case and the large crack size
case.

Acknowledgment
This research is supported by the Air Force Wright

Aeronautical Laboratories, Wright-Patterson Air Force Base,
under Contract F33615-81-C-5015.

References
'Miller, M. S. and Gallagher, J. P., "An Analysis of Several

Fatigue Crack Growth Rate (FCGR) Descriptions," ASTM-STP 738,
1981, pp. 205-251.

2Hoeppner, D. W. and Krupp, W. E., "Prediction of Component
Life by Application of Fatigue Crack Knowledge," Engineering
Fracture Mechanics, Vol. 6, 1974, pp. 47-70.

3Hovey, P. W., Gallagher, J. P., and Berens, A. P., "Estimating
the Statistical Properties of Crack Growth for Small Cracks," AF-
WAL-TR-81-4016, Dec. 1980.

4Swanson, S. R., Cicci, F., and Hoppe, W., "Crack Propagation
in Clad 7079-T6 Aluminum Alloy Sheets Under Constant and Ran-
dom Amplitude Fatigue Loading," Fatigue Crack Propagation,
ASTM-STP 415, 1967, pp. 312-362.

5Itagaki, H. and Shinuzuka, M., "Application of the Monte Carlo
Technique to Fatigue-Failure Analysis Under Random Loading,"
Probabilistic Aspect of Fatigue, ASTM-STP 511, 1972, pp. 168-184.

6Yang, J. N., "Statistics of Random Loading Relevant to the
Fatigue," Journal of the Engineering Mechanics Division, Vol. 100,
No. EM3, 1974, pp. 469-475.

7 Yang, J. N. and Trapp, W. H., "Reliability Analysis of Aircraft
Structures Under Random Loading and Periodic Inspection," AlAA
Journal, Vol. 12, Dec. 1974, pp. 1623-1630.

8Wood, H. A., Engle, R. M., Gallagher, J. P., and Potter, J. M.,
"Current Practice on Estimating Crack Growth Damage Ac-
cumulation with Specific Application to Structural Safety, Durability
and Reliability," AFFDL-TR-75-32, 1976.

9Yang, J. N. and Manning, S. D., "Distribution of Equivalent
Initial Flaw Size," 1980 Proceedings of Annual Reliability and
Maintainability Symposium, 1980, pp. 112-120.

10Yang, J. N., "Statistical Estimation of Economic Life for
Aircraft Structures," Journal of Aircraft, Vol. 17, 1980, pp. 528-535.

nRudd, J. L., Yang, J. N., Manning, S. D., and Garver, W. R.,
"Durability Design Requirements and Analysis for Metallic Air-
frames," Design of Fatigue and Fracture Resistant Structures,
ASTM-STP 761, 1982, pp. 133-151.

12Yang, J. N., "Statistical Crack Growth in Durability and
Damage Tolerant Analyses," Proceedings of the AlAA I
ASME/ASCE/AHS 22nd Structures, Structural Dynamics and
Materials Conference, 1981, pp. 38-40.

13Virkler, D. A., Hillberry, B. M., and Goel, P. K., "The
Statistical Nature of Fatigue Crack Propagation," Journal of
Engineering Materials and Technology, Vol. 101, 1979, pp. 148-153.

14Virkler, D. A., Hillberry, B. M., and Goel, P. K., "The
Statistical Nature of Fatigue Crack Propagation," AFFDL-TR-78-43,
1978.

15Birnbaum, Z. W. and Saunders, S. C., "A New Family of Life
Distribution," Journal of Applied Probability, 1969, pp. 319-327.

16Birnbaum, Z. W. and Saunders, S. C., "Estimation for a Family
of Life Distributions with Applications to Fatigue," Journal of
Applied Probability, 1969, pp. 328-347.

l7Bogdanoff, J., "A New Cumulative Damage Model, Part 4,"
Journal of Applied Mechanics, Vol. 47, 1980, pp. 40-44.

18Kozin, F. and Bogdanoff, J., "A Critical Analysis of Some
Probabilistic Models of Fatigue Crack Growth," Journal of
Engineering Fracture Mechanics, Vol. 14, 1981, pp. 59-89.



124 Y . K . L I N AND J .N.YANG AIAA JOURNAL

19Yang, J. N. and Donath, R. C., "Statistical Crack Propagation
in Fastener Holes Under Spectrum Loading," Proceedings of the
AIAA/ASME/ASCE/AHS Structures, Structural Dynamics and
Materials Conference, Pt. 2, May 1983, pp. 15-21; Journal of Air-
craft, Vol. 20, Dec. 1983, pp. 1028-1032.

20Yang, J. N., Salivar, G. C., and Annis, C. G., "The Statistics of
Crack Growth in Engine Materials, Vol. II: Spectrum Loading and
Advanced Model," AFWAL-TR-82-4040, Jan. 1983.

21 Yang, J. N., Salivar, G. C., and Annis, C. G., "Statistical
Modeling of Fatigue-Crack Growth in a Nickel-Based Superalloy,"
Journal of Engineering Fracture Mechanics, Vol. 18, No. 2, June
1983, pp. 257-270.

22Norohna, P. J. et al., "Fastener Hole Quality, Vol. I," AFFDL-
TR-78-206, 1978.

23Stratonovich, R. L., Topics in the Theory of Random Noise, Vol.
II, translated by R. A. Silverman, Gordon and Breach, New York,
1967.

24Lin, Y. K. and Yang, J. N., "On Statistical Moments of Fatigue
Crack Propagation," Journal of Engineering Fracture Mechanics,
Vol. 18, No. 2, June 1983, pp. 243-256.

25Lin, Y. K., Probabilistic Theory of Structural Dynamics,
McGraw-Hill Book Co., 1967. Reprinted by R. E. Krieger Publishing
Co., Melbourne, Fla., 1967.

26Arnold, L., Stochastic Differential Equations: Theory and
Applications, John Wiley and Sons, Inc., New York, 1974.

27Khasminski, R. Z., "A Limit Theorem for the Solution of
Differential Equations with Random Right Hand Sides," Theory of
Probability and Application, Vol. 11, 1966, pp. 390-405.

From the AIAA Progress in Astronautics and Aeronautics Series...

AEROTHERMODYNAMICS
AND PLANETARY ENTRY—v. 77

HEAT TRANSFER AND THERMAL CONTROL—v. 78
Edited by A. L. Crosbie, University of Missouri-Rolla

The success of a flight into space rests on the success of the vehicle designer in maintaining a proper degree of thermal
balance within the vehicle or thermal protection of the outer structure of the vehicle, as it encounters various remote and
hostile environments. This thermal requirement applies to Earth-satellites, planetary spacecraft, entry vehicles, rocket nose
cones, and in a very spectacular way, to the U.S. Space Shuttle, with its thermal protection system of tens of thousands of
tiles fastened to its vulnerable external surfaces. Although the relevant technology might simply be called heat-transfer
engineering, the advanced (and still advancing) character of the problems that have to be solved and the consequent need to
resort to basic physics and basic fluid mechanics have prompted the practitioners of the field to call it thermophysics. It is
the expectation of the editors and the authors of these volumes that the various sections therefore will be of interest to
physicists, materials specialists, fluid dynamicists, and spacecraft engineers, as well as to heat-transfer engineers. Volume
77 is devoted to three main topics, Aerothermodynamics, Thermal Protection, and Planetary Entry. Volume 78 is devoted
to Radiation Heat Transfer, Conduction Heat Transfer, Heat Pipes, and Thermal Control. In a broad sense, the former
volume deals with the external situation between the spacecraft and its environment, whereas the latter volume deals
mainly with the thermal processes occurring within the spacecraft that affect its temperature distribution. Both volumes
bring forth new information and new theoretical treatments not previously published in book or journal literature.

Volume 77—444pp., 6x9, illus., $30.00Mem., $45.00List
Volume 78—538pp., 6x9, illus., $30.00Mem., $45.00 List

TO ORDER WRITE: Publications Dept., AIAA, 1633 Broadway, New York, N.Y. 10019


